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Electron pairing and formation of various types of magnetic correlations for ensembles of small clusters of
different geometries are studied with emphasis on tetrahedrons and square pyramids under variation of inter-
action strength, electron doping and temperature. These exact calculations of charge and spin collective exci-
tations and pseudogaps yield intriguing insights into level crossing degeneracies, phase separation and con-
densation. Obtained coherent and incoherent pairings provide a route for possible superconductivity different
from the conventional BCS theory. Criteria for spin-charge separation, reconciliation and recombination driven
by interaction strength, next-nearest coupling and temperature are found. Resulting phase diagrams resemble a
number of inhomogeneous, coherent and incoherent nanoscale phases seen recently in high-Tc cuprates, man-
ganites and colossal magnetoresistive �CMR� nanomaterials.
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I. INTRODUCTION

Systems with correlated electrons display a rich variety of
physical phenomena and properties: different types of mag-
netic ordering, �high-Tc� superconductivity, ferroelectricity,
spin-charge separation, formation of spatial
inhomogeneities1–6 �phase separation, stripes, local gap and
incoherent pairing, charge and spin pseudogaps�. The realiza-
tion of these properties in clusters and bulk depends on the
interaction strength U, doping, temperature, the detailed type
of crystal lattice and sign of coupling t.7 In addition, studies
of perplexing physics of electron behavior in nonbipartite
lattices have encountered enormous difficulties. In particular,
exact solutions at finite temperatures exist only in a very few
cases;8–10 perturbation theory is usually inadequate while nu-
merical methods have serious limitations, such as in the
quantum Monte Carlo method and its notorious sign prob-
lem. On the contrary, one can get important insights from the
exact solutions for small clusters �“molecules”�. For ex-
ample, squares or cubes are the building blocks, or proto-
types, of solids with bipartite lattices, whereas triangles, tet-
rahedrons, octahedrons without electron-hole symmetry may
be regarded as primitive units of typical frustrated systems
�triangular, pyrochlore, perovskite�. Exact studies of various
cluster topologies can thus be very useful for understanding
nanoparticles and respective bulk systems.

One can take a further step and consider a bulk system as
a collection of many such decoupled clusters, which do not
interact directly, but form a system in thermodynamic
equilibrium.10–12 Of course this approach, being perfectly
suitable for real systems consisting of nanoclusters, has cer-
tain limitations when applied to bulk solids since coupling
between such building blocks, in principle, has to be taken
into account. The method of decoupled clusters can be ap-
proximate for concentrated magnetic and superconducting
materials, where coupling between clusters c is comparable

to the relevant energy scale within individual clusters, t.
However, for inhomogeneous concentrated systems this de-
scription in thermodynamic equilibrium becomes quite accu-
rate for suitable values of parameters since the lattice can be
broken up into periodic arrays of weakly coupled
clusters.13,14 For example, the tendency to pairing, which can
be observed on the example of isolated clusters in thermo-
dynamic equilibrium, is preserved for respective values of
parameters also for concentrated systems. On the other hand,
the study of small clusters allows us to unravel important
details which depend on the local geometry, to investigate
the specific features of inhomogeneous, frustrated systems
when studying corresponding clusters �triangles, tetrahe-
drons� as compared with bipartite systems �consisting of
building blocks such as dimers or squares�. This approach
allows us to learn important lessons not only about isolated
clusters �for which it is exact�, but also about respective spa-
tially inhomogeneous solid materials. This is one of the main
aims of the present paper. Thus, we consider a collection of
such “clusters” either at a fixed average number of electrons
per cluster in a canonical ensemble or for a fixed chemical
potential � in a grand canonical ensemble.

When correlations are local, many physical phenomena
observed in “large” concentrated systems are also clearly
seen in our examples of small clusters in thermodynamic
equilibrium; in addition, our studies have the advantage of
being exact. We will demonstrate that already at this level it
is possible to observe phenomena such as spin-charge sepa-
ration, formation of states with charge and spin pseudogaps
due to electron pairing, formation of different magnetic
states, etc. The electrons can be splintered apart by spin-
charge separation due to level crossings driven by U or tem-
perature, so that the collective excitations of electron charge
and spin of different symmetries can become quite indepen-
dent and propagate incoherently. We have found that local
charge and spin density of states or corresponding suscepti-
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bilities can have different pseudogaps which is a sign of
spin-charge separation. For large U near half filling, holes
prefer to be localized on separate clusters having Mott-
Hubbard �MH�-type charge pseudogaps12 and Nagaoka fer-
romagnetism �FM�;7 otherwise, spin density waves or spin
liquids may be formed. At moderate U, this approach leads
to recombination of charge and spin degrees with redistribu-
tion of charge carriers or holes between square clusters. The
latter, if present, can signal a tendency toward phase separa-
tion, or, if clusters “prefer” to have two holes, it can be taken
as a signature of pairing.13 This, in turn, could imply im-
posed opposite spin pairing followed by condensation of
charge and spin degrees into a BCS-type coherent state. Al-
though this approach for large systems is only approximate,
it nonetheless gives very important clues for understanding
large systems whenever correlations are local.

We have developed this approach in Refs. 11, 12, and
15–17 and successfully applied it to typical unfrustrated
�linked squares� clusters. Our results are directly applicable
to nanosystems which usually contain many clusters, rather
well separated and isolated from each other but nevertheless
being in thermodynamic equilibrium with the possibility of
having spatial inhomogeneities for different numbers of elec-
trons per cluster. Interestingly, an ensemble of square clusters
displays “checkerboard” patterns, nanophase inhomogeneity,
incoherent pairing and nucleation of pseudogaps.1–5 The pur-
pose of this work is to further conduct similar extensive in-
vestigations in frustrated systems,18 exemplified by four-site
tetrahedrons and five-site square pyramids. The exact studies
here of phase diagrams using canonical and grand canonical
ensemble calculations in finite-size clusters having immedi-
ate applications to nanosystems can motivate further studies
of electronic and magnetic instabilities in Nb, Co nanoclus-
ters, and clusters of correlated materials. As we shall see,
certain features in contrasting topologies are quite different
and these predictions could be exploited in the nanoscience
frontier by synthesizing clusters or nanomaterials with
unique properties.19

II. MODEL AND FORMALISM

We model our systems by the Hubbard model,

H = − t �
�ij��

ci�
+ cj� + U�

i

ni↑ni↓. �1�

Our approach is to use the exact diagonalization for finite
clusters of a certain type, and then considering the ensemble
of such clusters by calculating the canonical and grand par-
tition functions, thermodynamic potentials, and, most impor-
tantly, response functions such as the charge �c and spin �s
susceptibilities, i.e., fluctuations. For fixed T and U we cal-
culate the energy differences �+=E�N+1�−E�N� and �−
=E�N�−E�N−1� for average canonical energies E�N� by
adding or subtracting one electron �charge� with various con-
figurations of electrons for given spin S. The charge energy
gap at finite temperature can be written as �c�T�=�+−�−
=E�N+1�+E�N−1�−2E�N�. We calculate also a spin gap
�s�T�=E�S+1�−E�S� for E�S� being respectively the aver-
age canonical energy in spin sector at fixed N. The charge

and spin energy gaps as shown in Ref. 12 can be considered
as natural order parameters in multidimensional parameter
space T ,U ,� ,h and at T�0 are called pseudogaps, since �
has a small, but nonzero weight inside the gap. Thus we
define critical U and intercluster coupling c parameters for
level crossings degeneracies or quantum critical points from
condition at which charge or spin pseudogaps are vanished,
�c,s�U ,c�=0. The pseudogap sign is also important in iden-
tifying the regions for electron charge and spin instabilities,
such as electron-electron ��c�0�, electron-hole ��c�0�
pairings in charge sector or parallel ��s�0� and opposite
��s�0� spin pairings in spin sector. The negative
pseudogaps describe possible hole or parallel spin pairs bind-
ing instabilities. For charge degrees this is a sign toward
phase separation �i.e., segregation� of clusters on hole-rich
�charge neutral� and hole-poor regions. In contrast, negative
spin pairing gap for parallel spins reveals domain structure
and ferromagnetism in accordance with Nagaoka theorem.
Therefore, one can introduce also corresponding crossover
temperatures Tc

P, Tc, Ts
P and Ts

F versus chemical potential
using condition �c,s�T ,��=0 at which the corresponding
pseudogaps for those various phases disappear. In addition,
the pseudogap parameters for various transitions, corre-
sponding phase boundaries and crossover temperatures can
be found by monitoring maxima and minima in charge and
spin susceptibilities. At low temperature, peak structures in
�c��� and zero magnetic field spin susceptibility, �s���, are
observed to develop in these clusters; between two consecu-
tive peaks, there exists a pseudogap in charge or spin de-
grees. The opening of such distinct and separated pseudogap
regions for spin and charge degrees of freedom �at low tem-
perature� is a signature of corresponding charge and spin
separation away from half filling. However, at a certain pa-
rameter range, the charge and spin susceptibilities can
closely follow each other which shows the tendency of elec-
tron spin and charge toward recombination and reconcilia-
tion.

Below in Secs. III A and III B, we study nodes, sign and
amplitude of charge and spin gaps that provide valuable in-
sights into quantum critical points and various phase transi-
tions. By monitoring the susceptibility peak positions in �c

and �s and pseudogaps as a function of temperature and
chemical potential, one can identify relevant crossover tem-
peratures that have been used to construct the phase dia-
grams in Sec. III C.

III. RESULTS

A. Bipartite clusters

For completeness and to facilitate the comparison with
frustrated clusters, we first summarize the main results ob-
tained earlier for small 2	2 and 2	4-sites bipartite clusters
in Refs. 11, 12, 15, and 16. The energies are measured in
units �t�=1 in all results that follow. Figure 1 illustrates �c

and �s in ensemble of 2	2 square clusters at �N��3 and
T→0. Vanishing of gaps indicates energy �multiple� level
crossings and corresponding quantum critical points, Uc and
UF. The negative gaps show phase separations for charge
below Uc=4.584 and spin degrees above UF=18.583.10,11
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Phase A: Negative charge gap below Uc displays electron
pairing �P= ��c� and charge phase separation into hole-rich
�charged� metal and hole-poor �neutral� cluster configura-
tions. In a grand canonical approach �s�0 at U
Uc corre-
sponds to electron charge redistribution with opposite spin
�singlet� pairing. This picture for electron charge and spin
gaps of equal amplitude �s��P=−�c of purely electronic
nature at �N��3 is similar to the BCS-type coherency in the
attractive HM and will be called coherent pairing �CP�. In
equilibrium, the spin singlet background ��s�0� stabilizes
phase separation of paired electron charge in quantum CP
phase. The unique gap �s��P at T=0 in Fig. 1 is consistent
with the existence of a single quasiparticle energy gap in the
BCS theory for U�0.20 Positive spin gap in Fig. 1 at U
�Uc provides pair rigidity in response to a magnetic field
and temperature �see Sec. III C�. However, unlike in the BCS
theory, the charge gap differs from spin gap as temperature
increases. This shows that coherent thermal excitations in the
exact solution are not quasiparticle-like renormalized elec-
trons, as in the BCS theory, but collective paired charge and
coupled opposite spins. We find also rigorous conditions in
inhomogeneous systems for redistribution of electron spin
between clusters, when due to the charge and spin separation
at large U it is energetically favorable for two parallel spins
to arrive on one cluster while holes can stay localized on
each of these two clusters. The negative spin gap �s�0 for
excited S= 3

2 configuration in Fig. 1 above Uc is shown for
canonical energies in a stable MH-type state, �c�0. Phase
B: Unsaturated ferromagnetism �UF� for unpaired S= 1

2 with
zero field �s peak for gapless sz= �

1
2 projections and gapped

�s�0 for S= 3
2 excitations at Uc
U
UF will be called a

spin liquid. Phase C: Negative �s�0 at U�UF defines S

= 3
2 saturated ferromagnetism �SF�. Localized holes at �c

�0 rule out possible Nagaoka FM in a metallic ground state
�GS�.7 Field fluctuations lift sz-degeneracy and lead to seg-
regation of clusters into magnetic domains.

We have found that the ensemble of squares share com-
mon important features with the large bipartite clusters in the
ground state and at finite temperatures20,21 �see also Sec.
III C�. Previously, for 2	4 ladders we did report in Fig. 5 of
Ref. 16 an oscillatory behavior of charge gap �T=0� as a
function of U. As for squares at low temperatures, we ob-
serve similar level crossing degeneracies in charge and spin
sectors also in bipartite 2	4 clusters at relatively small and
large U values, respectively. Thus the use of chemical poten-
tial and departure from zero-temperature singularities in ca-
nonical and grand canonical ensembles appear to be essential
for understanding important physics related to the
pseudogaps, phase separation, pairings and corresponding
crossover temperatures. A full picture of coherent and inco-
herent pairing, electronic inhomogeneities and magnetism
emerges only at finite, but rather low temperatures. �If we set
t=1 eV, most of the interesting physics is seen to occur
below a few hundred degrees K.�

B. Tetrahedrons and square pyramids

The topology of the tetrahedron is equivalent to a square
with next-nearest-neighbor coupling �t�= t� while the square

FIG. 2. �Color online� �N� and �sz� versus � in grand canonical
ensemble of tetrahedrons and fcs at U=4.0, T=0.01 and h=0.1.
Mott-Hubbard-type ferromagnetism for �sz�= 3

2 at �N�=3 in tetrahe-
dron occurs for t=−1, while absence of charge pseudogap near
�N��3 metallic state with spin rigidity manifests level crossing
degeneracy related to pairing �see inset�.

FIG. 1. �Color online� Charge �c and spin �s gaps versus U in
an ensemble of squares at �N��3 and T=0. Phase A: Charge and
spin pairing gaps of equal amplitude at U
Uc describe Bose con-
densation of electrons similar to BCS-type coherent pairing with a
single energy gap. Phase B: Mott-Hubbard-type insulator at Uc

�U�UF leads to S= 1
2 spin liquid behavior. Phase C: Parallel �trip-

let� spin pairing ��s�0� at U�UF displays S= 3
2 saturated ferro-

magnetism �see Sec. III A�. The spin gap in Phase A for U
Uc

region has been derived in grand canonical approach for very low
temperatures �T→0�.
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pyramid of the octahedral structure in high-Tc superconduct-
ors �HTSCs� is related to face-centered squares �fcs�. The
average electron number �N� and magnetization �sz� versus �
in Fig. 2 for T=0.01 shows contrasting behavior in pairing
and magnetism at t=1 and t=−1 for the tetrahedron at �N�
=3 and fcs at �N�=4. Different signs of t in these topologies
for one hole off half filling lead to dramatic changes in the
electronic structure. Figure 3 illustrates the charge gaps at
small and moderate U. Tetrahedron at t=−1: SF with a nega-
tive spin gap in a MH-type phase exists for all U. Tetrahe-
dron at t=1: metallic CP phase with charge and spin gaps of
equal amplitudes similar to the BCS-type pairing, discussed
for squares in Sec. III A, is formed at all U. FCS at t=−1:
MH-type insulator displays two consecutive crossovers at
U	6.89 from �S=0� antiferromagnetism �AF� into �S=1�
UF and into �S=2� SF above U=12.19. FCS at t=1: MH-
type insulator shows crossover at U	29.85 from �S=0� AF
into �S=1� UF. In triangles, SF and AF are found to be stable
for all U�0 at t=−1 and t=1, respectively. Finally Table I
illustrates magnetic phases at large U and T=0. For example,
the squares and all frustrated clusters at t=−1 exhibit stable
SF; tetrahedron and triangle at t=1 retain CP and AF, respec-
tively; UF for the S=1 state, separated by �s=−0.115 from
S=0, exists in fcs at t=1. Figure 4 shows charge gap at two

coupling values c between the vertex and base atoms in the
deformed tetrahedron. Vanishing of the gap, driven by c,
manifests level crossings for c=0.96, while c=1.1 and t=1
cases describe a single phase with avoided crossings.

C. Phase diagrams

Figure 5 illustrates a number of nanophases, defined in
Refs. 12 and 16, for the tetrahedron similar to bipartite clus-
ters. The curve �+�T� below Tc

P signifies the onset of charge
paired condensation. As temperature is lowered below T�, a
spin pseudogap is opened up first, as seen in NMR
experiments,16 followed by the gradual disappearance of the
spin excitations, consistent with the suppression of low-
energy excitations in the HTSCs probed by STM.3–5 The
opposite spin CP phase with fully gapped collective excita-
tions begins to form at T
Ts

P. The charge inhomogeneities1,2

of hole-rich and charge neutral spinodal regions between �+
and �− are similar to those found in the squares and resemble
important features seen in the HTSCs. Figure 5 shows the
presence of bosonic modes below �+�T� and Ts

P for paired
electron charge and opposite spin, respectively. This picture
suggests condensation of electron charge and spin at various
crossover temperatures while condensation in the BCS

FIG. 3. �Color online� �c versus U for one
hole off half filling in tetrahedrons and fcs at T
=0. In tetrahedron, �c�0 at t=1 implies phase
separation and coherent pairing with �s��P,
while �c�0 for S= 3

2 at t=−1 leads to a ferro-
magnetic insulator ��s�0� for all U. In fcs, �c

�0 at �N��4 for t= �1 describes Mott-
Hubbard-type antiferromagnetism ��s�0�.

TABLE I. GS in various cluster geometries for one hole off half filling at large U=900 and t= �1 having
saturated ferromagnetism �SF�, unsaturated ferromagnetism �UF�, antiferromagnetism �AF�, or coherent pair-
ing �CP�.

Cluster type Na N S �s �c t GS

Triangle 3 2 1 −0.998 3.093 −1 SF

Tetrahedron/nnn square 4 3 1.5 −0.997 3.987 −1 SF

Square pyramid/fcs 5 4 2 −0.417 2.596 −1 SF

Square 4 3 1.5 −0.262 1.15 �1 SF

Triangle 3 2 0 1.008 2.011 1 AF

Tetrahedron/nnn square 4 3 0 0.002 −0.002 1 CP

Square pyramid/fcs 5 4 1 −0.115 1.543 1 UF
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theory occurs at a single Tc value. The temperature driven
spin-charge separation above Ts

P resembles an incoherent
pairing �IP� phase seen in the HTSCs.2–5 The charged pairs
without spin rigidity above Ts

P, instead of becoming super-
conducting, coexist in a nonuniform, charge degenerate IP
state similar to a ferroelectric phase.20,21 The unpaired weak
moment, induced by a field above Ts

P, agrees with the obser-
vation of competing dormant magnetic states in the HTSCs.4

The coinciding �s and �c peaks at Ts
P
T
T� show full

reconciliation of charge and spin degrees seen in the HTSCs
above Tc. In the absence of electron-hole symmetry, the tet-

rahedral clusters near optimal doping �P undergo a thermal
transition from a CP phase into a MH-type phase.

IV. CONCLUSION

Our exact calculations, ideally suited for real nanosystems
consisting of weakly coupled clusters, have certain limita-
tions when applied to bulk solids with relatively strong cou-
pling between clusters. Although approximate for large sys-
tems, it provides a parameter window for understanding
important ground state and thermal properties of correspond-

FIG. 4. �Color online� �c versus U at �N�=3
and T=0.01 in tetrahedron �t=1� and deformed
tetrahedral clusters �c=0.96 and 1.1�. Charge and
spin pairing gaps of equal amplitude at t=1 imply
coherent pairing, while �c�0 and �s�0 at c
=1.1 correspond to an unsaturated ferromagnetic
insulator for S= 1

2 . Coherent pairing is retained in
a narrow range near c�1.

FIG. 5. �Color online� The T-� phase diagram of tetrahedrons without electron-hole symmetry at optimally doped �N��3 regime near
�P=1.593 at U=4 and t=1 illustrates the condensation of electron charge and onset of phase separation for charge degrees below Tc

P. The
incoherent phase of preformed pairs with unpaired opposite spins exists above Ts

P. Below Ts
P, the paired spin and charge coexist in a coherent

pairing phase. The charge and spin susceptibility peaks, denoted by T� and Tc, define pseudogaps calculated in the grand canonical ensemble,
while �+�T� and �−�T� are evaluated in canonical ensemble. Charge and spin peaks reconcile at T��T�Ts

P, while �c peak below Ts
P

signifies metallic �charge� liquid �see inset for square cluster and Ref. 16�.
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ing large systems. The collection of weakly coupled arrays of
clusters gives valuable clues for understanding the thermo-
dynamic perplexities of inhomogeneous, concentrated sys-
tems. Many complex phenomena, apparent in approximate
treatments of “large” inhomogeneous systems, are also ob-
served in our exact studies of phase diagrams for ensemble
of small clusters, which do interact thermally.21 Already at
this level, we can see such phenomena as level crossings,
spin-charge separation, similar charge �hole� or parallel spin
pairings, charge and spin pseudogaps that are preserved for
respective values of parameters in concentrated �bulk� sys-
tems. A collection of clusters seems to yield an adequate
thermodynamic description of pairing instabilities in inho-
mogeneous structures that can be useful for understanding
the mechanism of superconductivity and magnetism at the
nanoscale when correlations are local. The experimental ob-
servations of spatial inhomogeneities, incoherent pairing and
pseudogaps in HTSCs and various �magnetic� manganites
give strong support in this regard. Thus it is clear that our
exact results provide insight into level crossings, spin-charge
separation, reconciliation �recombination� and full Bose
condensation.22 Moreover, the separate condensation of elec-
tron charge and spin degrees offers a new route to supercon-
ductivity in inhomogeneous HTSC systems, different from
the BCS scenario. The electronic instabilities found for vari-
ous geometries, in a wide range of U, coupling c and tem-
peratures, will be useful for the prediction of electron pair-
ing, ferroelectricity20,21 and possible superconductivity in
nanoparticles, doped cuprates, etc.1–6

In addition, these exact studies of the local geometry at
t= �1 of parameter t in isolated clusters �for which it is
exact� reveal important similarities and differences for corre-
sponding large systems consisting of these “primitive” bipar-
tite and frustrated blocks. For example at t=1, in contrast to
the bipartite clusters, exact solutions for the tetrahedron clus-
ters exhibit coherent and incoherent pairings for all U. How-

ever at t=−1, the tetrahedral clusters can facilitate Nagaoka-
type saturated ferromagnetism for all U�0 that can explain
pressure and doping dependencies of ferromagnetic transi-
tion temperature in concentrated pyrochlores, A2Mn2O7 �A
=Y, In, Lu, and Tl�.23 Our findings of various magnetic in-
stabilities at small, moderate and large U carry a wealth of
new information at finite temperatures related to phase sepa-
ration, saturated ferromagnetism and Nagaoka instabilities in
manganites/CMR materials. We find that one can produce
electronic and magnetic instabilities in nanoclusters by tun-
ing also intracluster coupling in various topologies of corre-
lated materials. These exact calculations illustrate important
clues and exciting opportunities that could be utilized when
synthesizing potentially high-Tc superconducting and mag-
netic nanoclusters assembled in two- and three-dimensional
geometries.19 Ultracold fermionic atoms in an optical
lattice24 may also offer unprecedented opportunities to test
these predictions.

Note added in proof. Recently, we found that some of our
previous exact results in Refs. 11 and 12 and charge pairing
gaps in larger 2	4 clusters15,16 have been reproduced for the
ground state by others later in Ref. 25. However, as we no-
tice the departure from the ground state to finite temperatures
is crucial for understanding in nanoscale level the effect of
coherent and incoherent pairings, spin-charge separation, re-
combination �reconciliation� and full Bose condensation, for-
mation of MH-type behavior and spin pseudogaps, magnetic
crossover temperatures, etc. in HTSCs, manganites and other
transition metal oxides.
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